82 1

8.2 Improper Integrals (F57#i 57)

Case 1: Improper integrals with infinite limits of integration.
(1) If f iscontinuouson [a,) and

I:f(x)dx=!imj:f(x)dx exists = I:f(x)dx converges.
(2) If f iscontinuouson (—oo,b] and

[* f(dx = lim Lbf(x)dx exists, > | f(x)dx converges.
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Ex 4: Find the area of the region R under the curve y=e 2,¥x>0.
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Case 2: Improper integrals with infinite discontinuities.
(1) If f iscontinuouson [a,b) and

Ibf(x)dx=lirp j'f(x)dx exists jbf(x)dx converges.
a tob Ja a
(2) If f iscontinuouson (a,b] and

[ £ (0dx=lim [ £ (x)dx_exists > [ f(x)dx converges.

(3) If f iscontinuouson [a,c)u(c,b] and

tf(x)dx+ lim Lbf(x)dx both limits exi bf(x)dx converges.

be continuous on' [a,o)  with 0< (x) < 5 X>a
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) j f(x)dx diverges = j g(x)dx diverges.
Case 2: Let f and g be continuouson (a,b) with 0< f(x)<g(x),xe(a,b),when

(1) ng(x)dx converges = _[:f(x)dx converges,

@) j:f(x)dx diverges 9 j:g(x)dx diverges.
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Theorem: Limit comparison test
If the positive functions f and g are continuous on [a,) and if
lim %)
= g(x)

=C
(1) O<c<o > I:f(x)dx and j:g(x)dx both converge or both diverge,
(2) c=0 and j:g(x)dx converges = j:f(x)dx converges,

“g(x)dx diverges > [ f (x)dx_div

p>1

diverges, p<l1
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8.2 4

Def: Gamma function
I'(a)= j: x“ e ~*dx, (o> 0)

Ex 9: Prove that (1) the Gamma function is convergent.
2 r@-=1
3) INa+)=d(a)
4) T'(n+1)=nl(neN)

(5) T'(¥)=+/x,[if I:e‘xzdx=g]
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