Chapter 4 Ordinary Differential Equations of Higher Order

I. Linear differential equations of higher order

Form: pa(x)y™(x) + Pa-1(x)y™ V(%) + pr-2(X)y"2(x) ++--+ pa(x)y'(X) + Po(X)Y(X) = r(x) (4.1)
or Ly(x) =r(x)
where L=p d’ +Poa d" +p £+...+p i+p
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vanishes identically over I. This determinant is called the Wronskian of the functions y;(x),
y2(X),**+, Yn(X). If the Wronskian of y1(x), y2(X),--+, Ya(X) is not identically zero over 1., then the
functions y1(x), y2(x),-+, yn(X) are linearly independent.

[Note] The vanishing of the Wronskian is necessary but not sufficient condition for linear

are linearly indepen
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oK)y 1)(><)+ -+ P1(X)y’ () + po(X)y(x) =0 (4.6)
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y2(X),*+, Yn(X), and its general solution can be expressed as

Yn(X) = kay1(X) +kaya(X) ++-++ Knyn(X)
where ki’s are arbitrary constants, and y(X) is called homogeneous solution or complementary
solution of (4.1). Now suppose that one particular solution of (4.1), say yp(x), then the complete
solution of (4.1) is

Y(X) = Yn(X) + Yp(X)
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2. Linear differential equation with constant coefficients

Form: any™(x) + an_1y™ D(x) +++ -+ ary’ (x) + agy(X) = r(x) (4.7)
or Ly=r(x)
where ag, a1, ‘-, @, are constants.
(1) Homogeneous solution:
into the homogeneous equati we have
(4.8)

led the characteristic equati
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Case 2: If (4
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=L(xe**)=0

A=h,

but i(Lekx1 =[aexxJ
on SN

xe™* is also a solution of Ly =0. By a simple extension of this argument, it can be shown that

the part of the homogeneous solution corresponding to an m-fold root A; is
(K1 + KoX + kax® +-+ -+ kpX™ ) €™
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y" =2y"—y +2y=0.
Solution: The characteristic equation is
W22 a+2=0=> A+ (L-1)(A-2)=0=1r=-1,1,2
The general solution is y = kye™ + koe* + kge*

~M=0=> (A -1)P°=0=
olution is y=k; + kox

+ 13, then solution
+1isinpx) + koe™(cospx —isinf

=e*(C;cosPx + Cysi
ed as e**(kico
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Case 4: co x_multiple S olution
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Solution: The characteristic equation is
-0 2+20=0=> A (M2 =20 +2)=0=1=0, 1 i
The general solution is y(x) = k; + &*(kacosx + kssinx)
y(0)=0.5= 0.5=k; +k;
y'(0)=-1 = —-1=k;+ks — k=25, ky=-2, ks=1
y'(0)=2 = 2=2ks
..y =2.5+¢"(~2cosx + sinx)

Case 3: If (4.8) ha
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EX. 6
y(7) + 18y(5) +8 1y(3) =0.
Solution: The characteristic equation is
AT+H18R°+ 810 =0 = A3 (A2 +9)°=0 =1 =0, 0, 0, £3i, +3i
The general solution is y(x) = ki + kox + kax? + (ks + ksx)cos3x + (kg + krx)sin3x

ermined coefficients:

y(_

E : q f E *?
Solution: The'characteristic equation is

Southe Taiwen Unlver3|ty

Let yp(x) = Ae 2 = y,)(x) = 16Ae >
Yo —y,=45e % = (16A-A)e ¥=45¢ % = A=0.3
The complete solution is y(x) = y(X) + Yp(X) = C1€”* + Co8™* + C3008X + Casinx + 0.3¢™
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Ex. 8

y"" —3y" + 3y’ —y=30¢".
Solution: The characteristic equation is
-3 +3-1=0=(A-1)°=0=1=1,1,1
y(X) = (k1 + kox + kax°)e*
Let yp(x) = ACe* = v,/ (X) = A0C+3x%)e", v, (X) = AGC + 6x° + 6x)e”,
Yo" (X) = AQC + 9% + 18x + 6)e”
Substituting into the problem, we have

A+B)x*+ (3B +C)x*

X) = Yn(X) +Yp(X) = (ko + k
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Let yo(x) = (AX® + Bx + C) + (Dcosx + Esinx)
Yp'(X)=2Ax + B — Dsinx + Ecosx, y,"(X) = 2A — Dcosx — Esinx
Substituting into the problem, we have
4AX? + 4Bx + (2A + 4C) + (-D + 4D)cosx + (=E + 4E)sinx = x* + cosx
A=1/4,B=0,C=-1/8,D=1/3, E=0

The complete solution is y(x) = yn(X) + Yp(X) = k1€0S2X + kosin2x + % — % + % COSX
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b. Method of variation of parameters

The homogeneous solution of the equation (4.7) is

() = Keya %) + kay2() -+ ke () = ke ¥ (%)

i=1
We replace the constants kj, i=1, 2,---, n, by ui(x) to be determined, so that

¥, = 20 00%, 00 = Y5 = 2, 00¥/ (0 + Su(03, (9

we choose

n

(4.9)
(Y00 + XUV

> U () ;(x) =0

()Y (x) =r(x)

- »
)y P ()= r(x)/a, y 4 X kzz)
Th i ( }44:; tior%te unkno
U i N\
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u/(x)y/(x)=0

> b0y (0 =0

ZU Y (x) =r(x)/a,

where we can find uq, Up,*+, Up
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y" +y=tanx.
Solution: A2 +1=0 = A =i = yn(X) = kycosx + kpsinx
Let yp(X) = usc0SX + uzsinx, then
u’1c0sx + u’,sinx=0
—U’1SiNX + U’,C0SX = tanx
0 sinx

tanx cosx .
U;=—— =-sinxtanx

In| secx +tanx | ) cos

, 1 = yh(X) = kg + kocosx

’?

_.numéj;—';g T a“ﬁ;UmmarSIty
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3.Euler-Cauchy equations (Equidimensional linear differential equations)

Form: anx"y™(x) + an_ix" 'y D(x) +-+-+ arxy’(x) + aoy(x) = r(x) (4.13)
. d dd 1d
Letx=e'=> —=——="—
dx dxdt e dt

: ?
4y =te* -4y +4y te*

2

i Taw\éa:mziJmM@rsﬂy

3_
. @
Assume particular solution is y, = (At + Bt?) e

yp' = [2At* + (3A + 2B)t* + 2Bt]e”

yp" = [4AL + (12A + 4B)t* + (6A + 8B)t + 2B]e”

(4.14) =[(4A—8A +4A)t + (12A + 4B — 12A — 8B + 4B)t* + (6A + 8B — 8B)t + 2B]e” = te”!
A=1/6,B=0

y=Yn+Yp=(ki+ kzt+%t3)62t= [k, + kzlnx+%(lnx)3]x2
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X2y" —4xy' + 6y =—7x*sinx.
Solution: Let x=€' = t=Inx, we get
d?y

_sd, 6y =—7e“sine' = A2—5L+6=0=A=2, 3= yn=kie? +kqe™

dt?> dt
Let y, = uze® + ue™
u'1e” +ue¥ =0
2u'1e% + 3u 6™ = —7esine'

D+2)x+(D+6)y 2¢". e (1) »}
.............. 3 é
_(D_ y= 4e .. . ». \

SHUtHEThemvan-University

The characteristic equation of (5) is A>—~A—2=0 = A=—1, 2 = yh=kee "+ koe?
Assume y,=Ae'+B =y, =Ae' = y", = A¢'
(5) = (A—A—2A)e'-2B=-10e'-2 = A=5,B=1
Y=Y +Yyp=kie " +koe? +5e'+1
Substituting into (6), we get
X = (—kq — 4ki)e™ + (2k, — 4k,)e™ + (5 — 20)e' — 4 + 4e' + 1 = —5kye ' — 2k,e* — 11e' -3

ERRSE SR
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d—X+x+d—y—y sect
dt

dt
4%+5x+5dy 4y =5sect
dt dt
Solution: Let D—— (D+1)x+(D—1)y =SeCt---eeeeeeeeen(l)
(4D +5)+ (5D —4)y =55€Ct--weveeeeeee(2)
D+1 D—1)Y =SECt-eereereeeeens 3
(1)><—4+(2):>(2){( Fx (D) =ses )
x+Dy:sect...........................

> +1)y =secttant:

0 sint
secttant cost <

tcost + sint In|sect]|

5. Linear di i ions with va icients }
Xy V() >#(
i ial eq

o “'m“zﬁf‘?e"fr‘W abwamyLvazempww

=(pay”) + [(P2—P'3)y] = (P'2—P3")y’ + Pay’ + Poy

=(pay") + [(p2—P'3)y] + (Pr— P2+ P3")y’ + poy

=(pay") + [(p2—p'3)y'] + [(Pr— P2+ p3")yl' = (P's — P2" + P3"")y + Poy

=(pay") + [(p2—P'3)y] + [(Pr— P2+ P3")y]" + (Po— P’ + P2" —P3")y
If the coefficient of y is identically zero, the other three terms can be integrated, and we have a
new equation of less order. In a similar way, equation (4.1) is said to be exact, if

> 1) P () =0
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(x=1)y"+(x+ 1)y +y=2x.

Solution: Since po—p'1+ p2" =0, the equation is exact.
[(x=1)y']-y"+(x+1)y" +y=2x
[(x=2)y']+xy' +y=2x
[(x=1)yT+ (xy)’ 2X= (Xx—1)y' +xy=x*+C,
v+ X y= x> +C,

x—1 x—1
This is a linear fi

linear differential equati
0 the original

, COSmX, smmx 3f!r the

§ th e °“‘,‘§;V6tayﬁe Unlver3|ty

X(V" =2V +Vv)e ¥+ (x—1)(V' —v)e ¥ —ve =0
XV —(x+1)v'=0
This is a first order equation in v’

X+1

V=Ce' * =Cyxe"
v=/Cixe*+C,=Cy(x—1)e*+C,
y=Ci(x—1)+Cre™
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[Exercises] 1. xy” — (2x + 1)y’ + (x + 1)y =x*—x—1
2. (L+X2)y" +2xy" — 2y =3x
3. (x=1)y"—xy'+y=1
4. (L-X)y" +xy —y=(1—-x)?

[Answers] 1. y=Cqe*+ Cox?e* +x 2. y=Cyx+ Cyo(1 +xtanx) + xIn v/1+ x>
3.y=Cix+Co*+1 4 y=Cx+Coe*+x*+1

ble absent: f(x, y', y”

', the resulting equati

(1+xXy" <

2 3 2 2
[Exercises] 1. d—gl = x(d—y) 2. d 2/ +(d_y] =0
dx dx dx dx

[Answers] 1. x=Cssin(y—Cz) 2. y=In(x+C;y) +C;
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2. Independent variable absent: f(y, y', y",---, y™)=0

dp_dpy _dp

=— ,**+, the equation can be reduce to an (n—1) order, where p is
dx dy dx dy

Letp=y, y"=

the new dependent variable and y is the new independent variable.

y—Cin(y+Cy) =

[Exercises] 1.y

Southern Taiwan University

3.Equations homogeneous in y and its derivatives
Lety=e’ =y =e7,y" =eXz" +7%),-+

fo,y, Y,y YW =0 = f(x, z, 2+, Z) =0 is the kind of dependent variable absent
type.
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yy" —y'? —6xy* =0.
Solution: Lety=e* =y =e’7, y" =e*(z" +7'%)
(2" +7%) - 7% —6xe?=0=7"-6x=0 = z=x3+ C1x + C;,

x3+C; x+C,

y=¢

by tx, y by t"y, y' by,
ied by t', let y=ux"

simplify the origi

Ex. 22

X2yy" — 3xyy' + X%y’

Solution: weight:2 + m + (m — 2) 1+m+(m 1), 2+2(m 1),2m,2=>m=1
Let y

Southtelg-ﬂu-r Iealwamt(wrjmens oy
u%+(z—ﬂ2+1=0 :t(uz—l:j+1 0:>u(;—ltj+t—c
G o

du=(C,—-t)dt=> —=—
Uu(l)jz 5 2

2 2
L)
2\ X 2
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[Exercises] 1. Show that the substitution y =u'/[Q(X)u], where u’ =du/dx, reduces the nonlinear
first-order equation
y' +P()y +Q(X)y* =R(X)
to the second-order equation
2 '
dU [p_ QN pou=0
dx Q dx

and also that the substitution y=y; + 1/v, where y;(x) is any known solution of the
i eads to the linear first-or

n of the equation
+x%y?=1 in the form (xX*—k
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