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Chapter 4 Ordinary Differential Equations of Higher Order 

 

I. Linear differential equations of higher order 

 

Form: pn(x)y
(n)

(x) + pn1(x)y
(n1)

(x) + pn2(x)y
(n2)

(x) +…+ p1(x)y(x) + p0(x)y(x)  r(x) (4.1) 

or       Ly(x)  r(x) 

where  L  012
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1. Linear dependence 

Definition: A linear combination of n functions y1(x), y2(x),…, yn(x), is an expression of the form 

k1y1(x) + k2y2(x) +…+ knyn(x) 

where ki’s are constants. 

 

Definition: If the equation  

k1y1(x) + k2y2(x) +…+ knyn(x)  0 (4.2) 

holds on an interval I for some k1, k2,…, kn not all zero, the function y1(x), y2(x),…, yn(x) are 

said to be linearly dependent. If y1(x), y2(x),…, yn(x) are linearly dependent, there exists at least 

one constant, say ki, not zero, and the corresponding function yi(x) can be expressed  as a 

linear combination of the other functions, i.e., 

yi(x)  
ik

1
[k1y1(x) + k2y2(x) +…+ ki1yi1(x) + ki+1yi+1(x) +…+ knyn(x)] (4.3) 

 

Definition: If (4.2) holds on interval I only for k1  k2 … kn  0, then y1(x), y2(x),…, yn(x) are 

said to be linearly independent. 

 

Assume that each of a set of n functions y1(x), y2(x),…, yn(x) possesses n finite derivatives 

at all points of an interval I. Then 
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 (4.4) 

If the functions y1(x), y2(x),…, yn(x) are linearly dependent, i.e., there exists nontrivial solution 

of ki’s, the determinant 
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W(y1,y2,…,yn) 
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vanishes identically over I. This determinant is called the Wronskian of the functions y1(x), 

y2(x),…, yn(x). If the Wronskian of y1(x), y2(x),…, yn(x) is not identically zero over I., then the 

functions y1(x), y2(x),…, yn(x) are linearly independent. 

[Note] The vanishing of the Wronskian is necessary but not sufficient condition for linear 

independence of a set of functions. 

 

 

 

 Ex. 1 

Show that e
x
, e

2x
 are linearly independent on all interval. 

Solution: W(e
x
, e

2x
) 

xx

xx

ee

ee
2

2

2
 e

x
e

2x
  0 

 

 

 

 Ex. 2 

Show that x, x
2
 are linearly independent on {x xR, x  0}. 

Solution: W(x, x
2
) 

x

xx

21

2

 x
2

  0 if x  0. 

 

 

 

Principle of superposition: If y1(x), y2(x) are the solutions of the homogeneous linear differential 

equation  

pn(x)y
(n)

(x) + pn1(x)y
(n1)

(x) +…+ p1(x)y(x) + p0(x)y(x)  0 (4.6) 

then k1y1(x) + k2y2(x) is also a solution of (4.6), where k1, k2 are arbitrary constants. 

An nth order linear differential equation (4.6) has n linearly independent solutions y1(x), 

y2(x),…, yn(x), and its general solution can be expressed as 

yh(x)  k1y1(x) + k2y2(x) +…+ knyn(x) 

where ki’s are arbitrary constants, and yh(x) is called homogeneous solution or complementary 

solution of (4.1). Now suppose that one particular solution of (4.1), say yp(x), then the complete 

solution of (4.1) is 

y(x)  yh(x) + yp(x) 
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2. Linear differential equation with constant coefficients 

 

Form: any
(n)

(x) + an1y
(n1)

(x) +…+ a1y(x) + a0y(x)  r(x) (4.7) 

or    Ly  r(x) 

where a0, a1, …, an are constants. 

 

(1) Homogeneous solution:  

 

Let yh(x)  e
x

, substitute into the homogeneous equation of (4.7), i.e., r(x)  0, we have 

(an
n

 + an1
n1

 +…+ a1 + a0)e
x

  0 

Since e
x

  0, we get 

an
n

 + an1
n1

 +…+ a1 + a0  0 (4.8) 

Equation (4.8) is called the characteristic equation of the homogeneous equation (4.7) 

 

 

Case 1: If (4.8) has n distinct real roots, say 1, 2,…, n, then  

yh(x)  k e k e k ex x

n

xn

1 2
1 2      

 

 

Case 2: If (4.8) has a real double root, say 1  2, 

∵Le
x

  an(  1)
2

 (  3) (  4)…(  n)e
x

 

∴
1

L


xe  0, e x1  is a solution of Ly  0. 

and  




(Le

x
)  2(  1)(  3)(  4)…(  n)e

x
 

+ (  1)
2

 (  4)(  5)…(n)e
x

 

+ (  1)
2

 (  3)(  5)…(  n)e
x

 

+… 

+ (  1)
2

 (  3)(  4)…(  n1)e
x
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xe x1  is also a solution of Ly  0. By a simple extension of this argument, it can be shown that 

the part of the homogeneous solution corresponding to an m-fold root 1 is 

(k1 + k2x + k3x
2

 +…+ kmx
m1

) e x1  
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 Ex. 3 

y  2y  y + 2y  0. 

Solution: The characteristic equation is 


3

  2
2

   + 2  0  ( + 1) (  1) (  2)  0    1, 1, 2 

The general solution is y  k1e
x

 + k2e
x
 + k3e

2x
 

 

 

 

 

 Ex. 4 

y
(5)

  3y
(4)

 + 3y
(3)

  y  0. 

Solution: The characteristic equation is 


5

  3
4

 + 3
3

  
2

  0  
2

 (  1)
3

  0    0, 0, 1, 1, 1 

The general solution is y  k1 + k2x + (k3 + k4x + k5x
2
)e

x
 

 

 

 

 

Case 3: If (4.8) has simple complex root, say 1    i, then solution  

k1e
(+i)x

 + k2e
(i)x

  k1e
x

(cosx + isinx) + k2e
x

(cosx  isinx)  

e
x

[(k1 + k2)cosx + i(k1  k2)sinx]  e
x

(C1cosx + C2sinx) 

where C1  k1 + k2, C2  i(k1  k2) 

Hence the solution can be expressed as e
x

(k1cosx + k2sinx) 

 

 

Case 4: If (4.8) has complex multiple roots, the solution is 

e
x

[(k1 + k2x +…+ kmx
m1

)cosx + (km+1 + km+2x +…+ k2mx
m1

)sinx] 

 

 

 Ex. 5 

y  2y + 2y  0, y(0)  0.5, y(0)  1, y(0)  2. 

Solution: The characteristic equation is 


3

  2
2

 + 2  0   (
2

  2 + 2)  0    0, 1  i 

The general solution is y(x)  k1 + e
x
(k2cosx + k3sinx) 

y(0)  0.5  0.5  k1 + k2 

y(0)  1  1  k2 + k3         k1  2.5, k2  2, k3  1 

y(0)  2  2  2k3 

∴y  2.5 + e
x
(2cosx + sinx) 
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 Ex. 6 

y
(7)

 + 18y
(5)

 + 81y
(3)

  0. 

Solution: The characteristic equation is 


7

 + 18
5

 + 81
3

  0  
3

 (
2

 + 9)
2

  0    0, 0, 0, 3i, 3i 

The general solution is y(x)  k1 + k2x + k3x
2

 + (k4 + k5x)cos3x + (k6 + k7x)sin3x 

 

 

 

 

 

(2) Particular solution 

 

a. Method of undetermined coefficients:  

 

Term in r(x) Choice for yp(x) 

x
n
 cnx

n
 + cnx

n
 +…+ c1x + c0 

e
px

 ce
px

 

cosqx Acosqx + Bsinqx 

sinqx Acosqx + Bsinqx 

 

 

 

 

 

 

 

 Ex. 7 

y
(4)

  y  4.5e
2x

. 

Solution: The characteristic equation is 


4

  1  0  (
2

  1) (
2

 + 1)  0    1, i 

yh(x)  c1e
x
 + c2e

x
 + c3cosx + c4sinx 

Let yp(x)  Ae
2x

  yp
(4)

(x)  16Ae
2x

 

yp
(4)

  yp  4.5e
2x

  (16A  A)e
2x

  4.5e
2x

  A  0.3 

The complete solution is y(x)  yh(x) + yp(x)  c1e
x
 + c2e

x
 + c3cosx + c4sinx + 0.3e

2x
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 Ex. 8 

y  3y + 3y  y  30e
x
. 

Solution: The characteristic equation is 


3

  3
2

 + 3  1  0  (  1)
3

  0    1, 1, 1 

yh(x)  (k1 + k2x + k3x
2
)e

x
 

Let yp(x)  Ax
3
e

x
  yp(x)  A(x

3
+3x

2
)e

x
, yp(x)  A(x

3
 + 6x

2
 + 6x)e

x
, 

yp(x)  A(x
3

 + 9x
2

 + 18x + 6)e
x
 

Substituting into the problem, we have 

A[(x
3

 + 9x
2

 + 18x + 6)  3(x
3

 + 6x
2

 + 6x) + 3(x
3

 + 3x
2
)  x

3
]e

x
  30e

x
  A  5 

The complete solution is y(x)  yh(x) + yp(x)  (k1 + k2x + k3x
2

 + 5x
3
)e

x
 

 

 

 

 Ex. 9 

y  2y + y  x
2
e

x
. 

Solution: The characteristic equation is 


2

  2 + 1  0  (  1)
2

  0    1, 1 

yh(x)  (k1 + k2x)e
x
 

Let yp(x)  (Ax
4

 + Bx
3

 + Cx
2
)e

x
  yp(x)  [Ax

4
 + (4A + B)x

3
 + (3B + C)x

2
 + 2Cx]e

x
, 

yp(x)  [Ax
4

 + (8A + B)x
3

 + (12A + 6B + C)x
2

 + (6B + 4C)x + 2C]e
x
, 

Substituting into the problem, we have 

[(A  2A + A)x
4

 + (8A + B  8A  2B + B)x
3

 + (12A + 6B + C  6B  2C + C)x
2 

+ (6B + 4C  4C)x + 2C]e
x
  x

2
e

x
  A  1/12, B  0, C  0 

The complete solution is y(x)  yh(x) + yp(x)  (k1 + k2x + 1/12x
4
)e

x
 

 

 

 

 Ex. 10  

y + 4y  x
2

 + cosx. 

Solution: The characteristic equation is 


2

 + 4  0    2i  yh(x)  k1cos2x + k2sin2x 

Let yp(x)  (Ax
2

 + Bx + C) + (Dcosx + Esinx)  

yp(x)2Ax + B  Dsinx + Ecosx, yp(x)  2A  Dcosx  Esinx 

Substituting into the problem, we have 

4Ax
2

 + 4Bx + (2A + 4C) + (D + 4D)cosx + (E + 4E)sinx  x
2

 + cosx 

A  1/4, B  0, C  1/8, D  1/3, E  0 

The complete solution is y(x)  yh(x) + yp(x)  k1cos2x + k2sin2x +
3

1

8

1

4

1 2 x cosx 
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b. Method of variation of parameters 

 

The homogeneous solution of the equation (4.7) is 

yh(x)  k1y1(x) + k2y2(x) +…+ knyn(x) 


n

i

ii xyk
1

)(  

We replace the constants ki, i  1, 2,…, n, by ui(x) to be determined, so that 





n

i

ii

n

i

iip

n

i

iip xyxuxyxuxyxyxuxy
111

)()()()()()()()(  

we choose  

)10.4(0)()(

Choose

)()()()()(

then

)9.4(0)()(

1

11

1



















n

i

ii

n

i

ii

n

i

iip

n

i

ii

xyxu

xyxuxyxuxy

xyxu

 

In a similar procedure, we have  



















n

i

n

ii

n

i

n

ii

n

p

n

i

n

ii

xyxuxyxuxy

xyxu

1

)1(

1

)()(

1

)2(

)()()()()(and

)11.4(0)()(

 

By substituting yp, and its derivatives into (4.7), we have  

)12.4(/)()()(

)()()()(L)(

1

)1(

1

)1(

1

n

n

i

n

ii

n

i

n

iin

n

i

ii

axrxyxu

xrxyxuaxyxu



















 

The conditions (4.9), (4.10),…,(4.12) gives a system of n equations for the unknown 

functions u1, u2,…, un: 

0)()(

0)()(

0)()(

1

)2(

1

1





















n

i

n

ii

n

i

ii

n

i

ii

xyxu

xyxu

xyxu

  

n

n

i

n

ii axrxyxu /)()()(
1

)1( 




 

where we can find u1, u2,…, un 
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 Ex. 11  

y + y  tanx. 

Solution:
2

 + 1  0    i  yh(x)  k1cosx + k2sinx 

Let yp(x)  u1cosx + u2sinx, then 

u1cosx + u2sinx  0 

u1sinx + u2cosx  tanx 

u1 
)sin,W(cos

costan

sin0

xx

xx

x

 sinx tanx 

u1   sinx tanx dx   tanx dcosx  cosx tanx   cosx sec
2
x dx  sinx  lnsecx + tanx 

u2 
)sin,W(cos

tansin

0cos

xx

xx

x


 sinx  u2   sinx dx  cosx 

y(x)  yh(x) + yp(x)  (k1 + sinx  ln secx + tanx  ) cosx + (k2  cosx) sinx 

 (k1  ln secx + tanx  ) cosx + k2sinx 

 

 

 

 

 

 

 Ex. 12  

y + y  cotx. 

Solution: 
3

 +   0    0, i  yh(x)  k1 + k2cosx + k3sinx 

Let yp(x)  u1 + u2cosx + u3sinx, then 

u1 + u2cosx + u3sinx  0 

u2sinx + u3cosx  0 

u2cosx  u3sinx  cotx 

u1  cotx, u2  cotxcosx, u3  cosx 

u1  lnsinx, u2  cosx  lncscx  cotx, u3  sinx 

y(x)  yh(x) + yp(x)  k1 + k2cosx + k3sinx  1  cosx lncscx  cotx + lnsinx 
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3.Euler-Cauchy equations (Equidimensional linear differential equations) 

 

Form: anx
n
y

(n)
(x) + an1x

n1
y

(n1)
(x) +…+ a1xy(x) + a0y(x)  r(x) (4.13) 

Let x  e
t
  

dt

d

edt

d

dx

dt

dx

d
t

1
  


































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
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






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

































































21

23
1

2
11

2
1

11111111

1

1111

2

2

3

3

22

2

22

2

23

3

2

2

22

2

2

2

2

2
23

3

3
3

2

2

2

2
22

2

2
2

dt

d

dt

d

dt

d

dt

d

dt

d

dt

d

dt

d

edt

d

edt

d

edt

d

e
e

dt

d

edt

d

edt

d
e

dt

d

edt

d

eedt

d
e

dt

d

edt

d

edt

d

e
e

dx

d
x

dt

d

dt

d

dt

d

dt

d

dt

d

edt

d

e
e

dt

d

edt

d

e
x

dx

d

dx

d
x

dx

d
x

dt

d

dt

d
x

tttt

t

tt

t

ttt

t

ttt

t

tt

t

tt

………………………………………………………… 




































 1321 n

dt

d

dt

d

dt

d

dt

d

dt

d

dt

d
x

n

n
n   

The transformed equation thus becomes linear with constant coefficients, and y then can be 

determined in terms of t. 

 

 

 

 Ex. 13  

x
2
y  3xy + 4y  x

2
lnx. 

Solution: Let x  e
t
  t  lnx, we get 

tt tey
dt

dy

dt

yd
tey

dt

dy
y

dt

d

dt

d 2

2

2
2 44431 








  (4.14) 

The characteristic equation is 
2

  4 + 4  0    2, 2  yh  (k1 + k2t)e
2t

 

Assume particular solution is yp  (At
3

 + Bt
2
) e

2t
 

yp  [2At
3

 + (3A + 2B)t
2

 + 2Bt]e
2t

 

yp  [4At
3

 + (12A + 4B)t
2

 + (6A + 8B)t + 2B]e
2t

 

(4.14) [(4A  8A + 4A)t
3

 + (12A + 4B  12A  8B + 4B)t
2

 + (6A + 8B  8B)t + 2B]e
2t

  te
2t

 

A  1/6, B  0 

y  yh + yp  (k1 + k2t +
1

6
t
3
)e

2t
  [k1 + k2lnx +

1

6
(lnx)

3
]x

2
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 Ex. 14  

x
2
y  4xy + 6y  7x

4
sinx. 

Solution: Let x  e
t
  t  lnx, we get 

tt eey
dt

dy

dt

yd
sin765 4

2

2

   
2

  5 + 6  0    2, 3  yh  k1e
2t

 + k2e
3t

 

Let yp  u1e
2t

 + u2e
3t

 

u1e
2t

 + u2e
3t

  0 

2u1e
2t

 + 3u2e
3t

  7e
4t

sine
t
 

u1 
),W(

3sin7

0

32

34

3

tt

ttt

t

ee

eee

e


 7e

2t
sine

t
  u1  7e

t
cose

t
 + 7sine

t
 

u2 
),W(

sin72

0

32

42

2

tt

ttt

t

ee

eee

e


 7e

t
sine

t
  u2  7cose

t
 

y  yh + yp  k1e
2t

 + k2e
3t

 + (7e
t
cose

t
 + 7sine

t
)e

2t
 + 7e

3t
cose

t
 

 k1e
2t

 + k2e
3t

 + 7e
2t

sine
t
  k1x

2
 + k2x

3
 + 7x

2
sinx 

 

 

4. Simultaneous linear differential equations 

 

 Ex. 15  













18332

262

y
dt

dy
x

dt

dx

ey
dt

dy
x

dt

dx t

 

Solution: Let D 









)2(1)83()32(

)1(2)6()2(





yDxD

eyDxD

dt

d
t



(1)2  (2) (2) 








)4(14)4(

)3(2)6()2(




t

t

eyDx

eyDxD
 

(D + 2)(4) + (3) (3) 








)6(14)4(

)5(210)2( 2




t

t

eyDx

eyDD
 

The characteristic equation of (5) is 
2

    2  0    1, 2  yh  k1e
t

 + k2e
2t

 

Assume yp  Ae
t
 + B  yp  Ae

t
  yp  Ae

t
 

(5)  (A  A  2A)e
t
  2B  10e

t
  2  A  5, B  1 

y  yh + yp  k1e
t

 + k2e
2t

 + 5e
t
 + 1 

Substituting into (6), we get  

x  (k1  4k1)e
t

 + (2k2  4k2)e
2t

 + (5  20)e
t
  4 + 4e

t
 + 1  5k1e

t
  2k2e

2t
  11e

t
  3 











































 

1

3

5

11

1

2

1

5
2

21

ttt eekek
y

x
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 Ex. 16  













ty
dt

dy
x

dt

dx

ty
dt

dy
x

dt

dx

sec54554

sec
 

Solution: Let 









)2(sec5)45()54(

)1(sec)1()1(





tyDD

tyDxD

dt

d
D  



















)6(sec

)5(tansec)1(
)3()3()4)(1(

)4(sec

)3(sec)1()1(
)2()2(4)1(

2









tDyx

ttyD
D

tDyx

tyDxD

 

 The characteristic equation of (5) is 
2

 + 1  0    i  yh  k1cost + k2sint 

Assume yp  u1cost + u2sint 

u1cost + u2sint  0 

u1sint + u2cost  secttant 

|sec|lntan
tansecsin

0cos

tantan
costansec

sin0

22

1

2

1

tut
ttt

t
u

ttut
ttt

t
u








 

y  yh + yp  k1cost + k2sint  sint + tcost + sint lnsect 

Substituting into (6), we get  

x  k1sint  k2cost + tsint  cost lnsect  sint tant + sect 








































|sec|lnsincossin

sectansin|sec|lncossin

sin

cos

cos

sin
21

ttttt

ttttttt

t

t
k

t

t
k

y

x

 

 

5. Linear differential equations with variable coefficients 

 

pn(x)y
(n)

(x) + pn1(x)y
(n1)

(x) +…+ p1(x)y(x) + p0(x)y(x)  r(x) (4.1) 

(1) Exact differential equations 

Consider a simple case of equation (4.1): 

p3y + p2y + p1y + p0y  (p3y)  p3y + p2y + p1y + p0y  (p3y) + (p2  p3)y + p1y + p0y 

 (p3y) + [(p2  p3)y]  (p2  p3)y + p1y + p0y 

 (p3y) + [(p2  p3)y] + (p1  p2 + p3)y + p0y 

 (p3y) + [(p2  p3)y] + [(p1  p2 + p3)y]  (p1  p2 + p3)y + p0y 

 (p3y) + [(p2  p3)y] + [(p1  p2 + p3)y] + (p0  p1 + p2  p3)y 

If the coefficient of y is identically zero, the other three terms can be integrated, and we have a 

new equation of less order. In a similar way, equation (4.1) is said to be exact, if 

0)()1(
0

)( 


n

i

i

i

i xp  
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 Ex. 17  

 (x  1)y + (x + 1)y + y  2x. 

Solution: Since p0  p1 + p2  0, the equation is exact. 

[(x  1)y]  y + (x + 1)y + y  2x 

[(x  1)y] + xy + y  2x 

[(x  1)y] + (xy)  2x  (x  1)y + xy  x
2

 + C1 

1

C

1

1

2









x

x
y

x

x
y  

This is a linear first order equation. 

 

]C)C22[
1

C)C(
1

C
1

C

)1ln(
1

21

2

21

2

2
1

2






































x
x

x
x

hh

exx
x

e

dxxe
x

e
dxe

x

x
ey

xxdx
x

x
h

 

 

 

 

(2) Reduction of order 

 

One of the important properties of linear differential equations is the fact that, if one 

homogeneous solution of an equation of order n is known, a new linear differential equation of 

order n  1, determining the remainder of the solution, can be obtained. 

Suppose u(x) is the homogeneous solution, substituting y  v(x) u(x) into the original 

equation, we have a new equation of less order. We can try e
mx

, cosmx, sinmx, x
m
 for the 

homogeneous solution. 

 

 Ex. 18  

xy + (x  1)y  y  0. 

Solution: Since e
x

 is a homogeneous solution, let y  ve
x

 

y  ve
x

  ve
x

, y  ve
x

  2ve
x

 + ve
x

 

x(v  2v + v)e
x

 + (x  1)(v  v)e
x

  ve
x

  0 

xv  (x + 1)v  0 

This is a first order equation in v 

v 



dx

x

x

eC

1

1  C1xe
x
 

v   C1xe
x
 + C2  C1(x  1)e

x
 + C2 

y  C1(x  1) + C2e
x
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[Exercises] 1. xy  (2x + 1)y + (x + 1)y  x
2

  x  1 

2. (1 + x
2
)y + 2xy  2y  3x 

3. (x  1)y  xy + y  1 

4. (1  x)y + xy  y  (1  x)
2
 

 

[Answers] 1. y  C1e
x
 + C2x

2
e

x
 + x   2. y  C1x + C2(1 + xtan

1
x) + x 21ln x  

3. y  C1x + C2e
x
 + 1   4. y  C1x + C2e

x
 + x

2
 + 1 

 

 

 

II. Nonlinear differential equations of higher order 

 

1. Dependent variable absent: f(x, y, y,…, y
(n)

)  0 

 

Let p  y, the resulting equation is of order n  1 in p. 

 

 

 

 Ex. 19  

 (1 + x
2
)y + y

2
 + 1  0. 

Solution: Let p  y  0
11

01)1(
22

22 






x

dx

p

dp
p

dx

dp
x  

2111

11

2

1

11

1

2

1

1

1

1
1

11

C)1ln(C)C/1(C
C

1

C

C
1C

C/1C

C

1
C

1C

C

1C

C
C

1
Ctantan




































x
x

dx
x

dx
x

x
y

x

x
p

px

xp
xp

 

 

 

 

 

[Exercises] 0.2.1

2

2

23

2

2




















dx

dy

dx

yd

dx

dy
x

dx

yd
 

 

[Answers] 1. x  C1sin(y  C2)   2. y  ln(x + C1) + C2 
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2. Independent variable absent: f(y, y, y,…, y
(n)

)  0 

 

Let p  y, 
dy

dp
p

dx

dy

dy

dp

dx

dp
y  ,…, the equation can be reduce to an (n  1) order, where p is 

the new dependent variable and y is the new independent variable. 

 

 

 

 Ex. 20  

yy + y
2

  y  0. 

Solution: Let p  y, 
dy

dp
py  , the equation reduces to 

dxdy
yC

C
dx

yC

ydy
Cy

dx

dy
yCyp

Cyp
y

dy

p

dp
pp

dy

dp
yp





















1

1

1

11

2

1)1(

ln)1ln(0
1

0

 

y  C1ln(y + C1)  x + C2 

 

 

 

 

 

[Exercises] 0.2.1

2

2

22

2

2




















dx

dy

dx

yd

dx

dy

dx

yd
y  

 

[Answers] 1. xCeCy 1

2    2. y  ln(C1x + C2) 

 

 

 

 

3.Equations homogeneous in y and its derivatives 

 

Let y  e
z
  y  e

z
z, y  e

z
(z + z

2
),… 

f(x, y, y, y,…, y
(n)

)  0  f(x, z, z,…, z
(n)

)  0 is the kind of dependent variable absent 

type. 
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 Ex. 21  

yy  y
2

  6xy
2

  0. 

Solution: Let y  e
z
  y  e

z
z, y  e

z
(z + z

2
) 

e
2z

(z + z
2
)  z

2
e

2z
  6xe

2z
  0  z  6x  0  z  x

3
 + C1x + C2 

21
3 CC 


xx

ey  

 

 

12

2

2

2

2

22

2

2

.2.1[Answers]

0.2.1][Exercises

1 CxCyeCy

dx

dy

dx

yd
y

dx

dy

dx

yd
y

xC





















 

 

 

 

4. Isobaric equations 

 

If a number m exists such that the result of replacing x by tx , y by t
m
y, y by t

m1
y, y by 

t
m2

y,…, y
(n)

 by t
mn

y
(n)

, is the original function multiplied by t
r
, let y  ux

m
, x  e

t
, we can 

simplify the original equation. 

 

 

 

 Ex. 22  

x
2
yy  3xyy + x

2
y

2
 + 2y

2
 + x

2
  0. 

Solution: weight:2 + m + (m  2), 1 + m + (m  1), 2 + 2(m  1), 2m, 2  m  1 

2

2

1

2

2

2

1

2

1

1

2

2

2
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[Exercises] 1. Show that the substitution y  u/[Q(x)u], where u  du/dx, reduces the nonlinear 

first-order equation  

y + P(x)y + Q(x)y
2

  R(x)  

to the second-order equation  

0
2

2








 
 RQu

dx

du

Q

Q
P

dx

ud
 

and also that the substitution y  y1 + 1/v, where y1(x) is any known solution of the 

given equation, leads to the linear first-order equation  

v  (P + 2Qy1)v  Q. 

(The nonlinear form is known as Riccati’s equation.) 

2. Use the procedures suggested above to obtain the general solution of the equation 

x
2
y + xy + x

2
y

2
  1 in the form (x

2
  k)/(x

2
 + k), where k is an arbitrary constant.  
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