Chapter2 Ordinary Differential Equations of the First Order and
First Degree

General form: 1. M(x, y)dx + N(x, y)dy=0 (2.1a)
2.y =f(x,y) (2.1b)

I. Separable Differential equations

9ydy +4xdx=0=9

Solution:
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Exdy =-2xy, y(0)=1
Solution: & = _2xdx = Iny=—x*+C' = y=e
y

y(0)=1=1=Ce’ = C=1= The solution isy= e

—x24C’

=y=Ce™
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I1. Reducible to separable differential equations
1. Homogeneous equation

Definition: If f(tx, ty) =t"f(x, y), then f(x, y) is a homogeneous function of degree r.
Substituting t=1/x into f(tx, ty) =t"f(x, y), we have

ta) =L txy)= fy =x L) =xF).
X X X X

In particular

xandy, M/N
be written as

(2.2)

=0 = 2u(u+xu’

IN(L+u?)=—Inx+C' = 1+u°=

JLFHAR S

SQSlXALh@moTalwan UnlverS|ty

Solution: Let y=ux = (x + uxcosu)dx —xcosu(udx + xdu) =0 = cosudu =d7X

sinu=Inx+C :sinl—lnx=C

X
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2. M(x, y) and N(x, y) are linear in x and y
Form: (a;x + by +c1)dx + (axx + by + ¢2)dy =0 (2.3)

Q) If ;t% letx=X+a,y=Y +, equation (2.3) becomes

2 2

[(@iX+Db1Y) + (az00+ by +¢1)]dX + [(a2X + DoY) + (azo + b3 + ¢2)]dY =0. (2.4)

We choose

BAFIRA S
N

on2oLiEGEm cbadwaln University

K(axx + boy + ¢2)dx + (ax + bay + ¢;)dy =0. (2.6)
a. If axx+byy +c,=0, we get only a trivial solution.
b. If a;x + by + ¢, %0, equation (2.6) reduces to kdx +dy=0 = y=—kx + C.
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(4x+3y+1)dx+ (x+y+1)dy=0
. 4x+3y+1=0
Solution: =>x=2,y=-3
X+y+1=0
Let X=x-2,Y=y+3, we have
(4X+3Y)dX + (X+Y)dY=0
Let Y=uX = (4X+ 3uX)dX + (X + uX)(udX + Xdu)=0

A+ du+u?)dX + XA+u)du=0= X4 Y 4

X (u+2)?

du=0=InX +1

(2x—4y+5)y" +x

Solution : Let u =
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(x—y—-1)dx+(2x—2y—2)dy=0
Solution: Dividing by x—y—1 = dx+2dy=0=x+2y=C
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3. Type of y'=f(ax + by +¢) 2.7)

du
Letu=ax+hy+c=u=a+by =y :dXT , equation (2.7) becomes
du
——-a
dx

—=f(u):g—u—a=bf(u):>g—u=a+bf(u):> =dx isseparable.
X X

du
a+bf (u)

(2.8)
= u'=1+Y, equati
du

~=dx = tan "

[Exercises] 1. (2x +

[Answers]

Do e, 3 VAR o o 5 G g e

In particular, if t=1/x, there follows

fe Y, Y-ty y)or
X X X

F(x Y, y')=xff(1,xi y )Efo%, ). (2.9)

m? Xm—l Xm—

m'_m-1

A differential equation can be put into the form (2.9), then F(Xi XL)=O.
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y

Solving this for and multiplying by x™*, we have

o
y'= X"“ld)(xim) (2.10)
Letu=—"2 = y=ux" = dy _ x™ du +mux™*, (2.10) is reducible to
x™ dx dx
X" du +mux™t = x"'d(u) = _ Qv & is separable.
dx dUu)-mu X
[Note] If the weights m and m — 1 are assigned to y and y’ respectively, the term x?%yPy’® has the

. If an expression is to be- ust be isobaric

—1+1+4x%y .

m), if m=-2, every

the equation become

& % 5

Solution: weight 2mm—1,1+m+m-1,s02m=m-1=m=-1.

Saumggmu;ﬁalwan anugvgrg,lty

L+u)'= (1+u)du X (1+ljdu——:>lnu+u—lnx+C
u X u X

InE+u=C:>Iny+xy=C
X
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Xy’ — X%y +y2=0.

Solution: weight 3+ m—1,2+m, 2m, som+2=2m = m=2, Let y=ux?, = y' =X’ + 2xu
X3 (X%’ + 2xu) — XA(Ux®) + (ux?)* =0 = XU’ + 2u—u+u?=0

du_ & o (1——LJW+95—0:I—BL=C’

u+u’ X

u u+l X u+l
ST S
y/Ix“+1 Y+ X

X+ X%y =C(1-xy)

1. Exact di

A first.order differential equatlons M(x, y)dx+ N(x, y)dy =0 is called exact if |t§,I IS

[::;d_. —“Z - [*ﬁ N\ &

S'“°Somh@i‘ﬁ”T =t Oniversity

6 y 6 X
The solution can be obtained from the following :
u=LMM+kW)

and from 2—; = N, we can determine k(y).
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(¢ +3xy?) dx + (3x%y +y*) dy =0.
3 2 2 3
0O +3%7) = OBXy+y ):6xy, it is exact, and
0 oX
u=J 0 +3xy?) dx + k(y) = x4 + 3x%y?/2 + k(y)

2_; =N = 3y +K'(y) =3y +Y°, = k(y) =y*/4

Solution: Since

the solution is x*/4 + 3x*y?2 +y*/4=C

= U=-C0sXx coshy =

X+ Yy)dx—(x— y)dy

Sk

~gguthern faiwan‘u

—#logy=C

versity

2. Integrating factors

If M(x, y) dx +N(x, y) dy=0 is not exact, we multiply by u(x, y), u M(X, y) dx + uN(x, y)dy=
0 is exact. The function pu(x, y) is called an integrating factor.

O.D. E. Chapter2_11



[Case 1]If u(x, y) = w(x), from the condition of exactness, we get
auM = a”N :uaM = Nu'+“aa—sz> Nu':u(m_ﬂ)

oy  OX oy oy ox
oM _oN
duz oy OX dx
n N
oM ON

y), from the condition of e

ﬁl)
7
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[Ex16] yx —xdly =

uMdx + f(y) = [ xydx+ f(y)

=—x"y+ f(y)
Zy_":uN = x4 (y)=x 2 (-x) = f(y)=0= f(y)=0
y

The solutionis —x'y =C, = o= C
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2xydx + (4y +3x%) dy=0, y(0.2)=-15

Solution: Since OM/0y—-0oN/ox = 2x — 6x = 2 depends only on y, integrating factor is

-M —2xy y
2
eL;dy

2—l;= uN = 3x%y? +K'(y) =y*(dy + 3x°) = k(y) =y*, and the general solution is

=y? and u=/,2xy3dx +k(y) = X33+ k(y)

x°y® +y* = C Substituting y(0.2) =—1.5, we have
(0.2)(-1.5)° + (-1.5)*=C = C=4.9275 = The solution is x?y* + y*=4.9275

[Case 3] Form: X'
(2.12) has an integrating f

(2.13)
22 4

a\+ 19X§
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x*y(3ydx + 2xdy) + x*(4ydx + 3xdy) =0
Solution:
(3x*Y? + 4x2y)dx + (2x°y + 3x°)dy =0
Multiplying x“y?
(X yPH2 4 4xe 2Py + (2x**PyPT 4 3x 43y Pydy = 0
M = 3XEHy B2 1 4x R L N 2 @Sy BHL 4 3yady
oM ON

To be exact — = —
oy X

A(B + 1)X**?yP = 2(a + )Xy Pt
+1)=3(a+3)

solution is % Xyt +

LXYP +3(B +2)x“yP = ly

+D=a+1l, 3(PB+2)= 2(oc+2):>oc 1,8=0 }
(y) k(y) ’ 5 }/l
( ion is Xy +x°y?=C
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IV. Linear differential equations of first order

1. Form: y’ + p(X)y =r(x) (2.14)

If r(x)=0, (2.14) is said to be homogeneous, otherwise it is said to be nonhomogeneous.
(2.14) is equivalent to

c(lj_x [F(x)y]=F(X)r (2.15)

Ex2qy -y=e*

Solution: h=]

Southern Taiwan Unlver3|ty

y' +ytanx =sin2x, y(0)=1

Solution: h=[tanxdx = Insecx

y = e X[ eINGinoxdx + C] = cosx[2sin2xdx + Ccosx = —2c0s?X + CCosx

y(0)=1 = 1=-2c0s*(0) + Ccos(0) = C=3
y =—2c05°X + 3c0SX
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2. Reducible to linear form: Bernoulli equations

Form: y’+p(X)y=g(X)y* (ais any real number) (2.16)

(2.16) = y*y' +p(x)y' *=g(¥) (2.17)
Letu=y"® = u'=(1-a)y 2y’ (2.17) becomes

ﬁ U +pu=g(x) = u' +(1-a)pu=(1-a)g(x)

This is linear in u.

Solution:

——X=8 is linear in x.

Southern Taiwan University

O.D. E. Chapter2_16



