Chapter 2 Properties of Laplace Transform

I. Properties of Laplace Transform

Property Original Function Transformed Function
Linearity af (t) + bg(t) aF(s) + bG(s)
f(t-a) u(t-a e *F(s
Shifting ( az (=) ©)
e” f(t) F(s—a)

Scali f(at)
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1. Linearity
L [af () +b

[af () +bg(t)le M 'dt =a f(t)e‘“dt+bj g(t)e‘S‘dt aF(s) %Gy
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2. Shifting
@L [f(t-ajut-a)]=| : f(t-a)u(t-a)e *dt= °° f(t—a)edt
Let t=t—a, then

L [ft-a)u(t-a)l=[ f(e " dr=e["f(r)e“dr=e2F(s)

(b) F(s—a)=| : f(t)e ©dt = :’[eat f(t)edt=L [e*f(t)]
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Solution :-- L [cost]=
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S
- L [cosZt]=l 52 = ZS
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4. Derivative

(a) Derivative of original function

LIF(®]=| 0‘” f/(t)e'dt = f (t)e ™| —(

-s)f 0°° f (t)e dt (2.1)

(1) If f(t) is continuous, equation (2.1) reduces to
L [f'(t)] =—f(0) + sF(s) =sF(s) — f(0)

(2) If f(t) is not continuous att=a, equation (2.1) reduces to
LIF'()]=f (e ™| .

+sF(s)=[f(a) e **—f(0)] + [0 —f(a") e**] + SF(s)
Sa[f(a) f(@a)l

+ft)e™|” .

IS piecewise continuous,

t=| 0°° (—t) f (H)edt

x4

Find the Laplace trans orm of te'. » }
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Ex. 5
F(t) = {tz 0<t<I g L [F).
t>1
Solution : f (t) = t?[u(t) —u(t—1)]
L [F®]=L [t2u®]-L [tlut—1)]= ——L {I(t-1) + 1Pu(t — 1)}

_ 833 —L {[(t-1)2 +2(t - 1) + u(t - 1)}

. Integration

(a) Integral of

(NN

£ (t)dldt - dt 1F':) é > }
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:>L“’jj..-js‘”F(s)dsds---ds=L [t_" f(t)]

e
:jo f(t)_—t
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Ex. 6 |

. 1—e‘t 1-¢e™
Find(a) L [ 1 ()L [ o ].
Solution : (a)L [1- yq————l—
s+1
1-e™ o s |7
=Ins—In(s+1)|. =In—
) s+1,
S s+1
—0-Ih—— ="
s+1 S

=[(s+1)In(s+1)—slns
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= sinkte™®
=2lim

k—>1
s—0

—2limE -tan?* ) ==
k—>1"2 k

s—0
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6. Convolution theorem
L [f Ot f(mg(t-ndd = Ot f (1)g(t — )dre tdt .

t=t
= J‘:I:O f (T)g(t - T)e_Stdth — I: f (T)J.:o g(t _ ‘C)e_Stdth ‘g
Let u=t-r, du = dt, then T

L [f 0‘ f(1)g(t—t)dt] = [ O°° f(1)f Owg(u)e‘s(“”)dudr

= j: f (r)e‘"‘”drj:o g(u)e™*'du = F(s)G(s)

t )
orm of L e "sin 2t dr.

7. Periodic Fu

\
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L [f(M)]=0+e +e 2 4.n )j f (t)e 'dt

_ 1 st
= jo f (t)e dt
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Find the Laplace transform of f(t) = %t, O<t<p, f(t+p)=T(t)

. 1 Pk,
Solution:: L [f (0] = —_— jo = tetdt

- 0” e~'dt)]

p

1 _
=1—e‘ps [ (t )

( —st l e—st)

0

DS(l e™)

-
(pe™ + eT -

Exercises] Find the
1.e ™ (AcosP

—m)cost

ion) 5. Find the value
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