Chapter 2 Differential Calculus of VVector
|. Derivative of a vector

Definition: A vector function v(t) is said to be differentiable at a point t if the limit

V(D) = LTO v(t+ AAtz —v(t)
exists. The vector v'(t) is called the derivative of v(t). In terms of components with respect to a
given Cartesian coordinate system, the derivative Vv'(t) is obtained by differentiating each
component sepa

=U'xv+uxVv

be a vector function v=Vv'= (V- v)'=0
f a vector function v

A Cartesian coordinate system bein glven we may represent a curve C by a véttcé
functio
\¥: 2 e ﬁ; \'r

If s represents arc length along the curve
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The expression in parentheses is clearly a unit vector tangent to the curve at point P, we denote

this unit vector by T, and
T—d—XI dy . dzk_dr_v

ds dsJ ds  ds v

ds _ds
V=T =5
The arc length is
s= j ds = j |v|dt=j Jv-vdt (2.1)
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Find the tangent to the ellipse %xz +y?=1at P(v/2, 1

72

Solution: r(t) =2costi +sintj, and P corresponds to t=n/4
r'(t)=-2sinti+cost j

r'(n/4) =—+/2i +%j

of a circular helix: r
=-asinti+acostj+c

Ty =sin2nX, Z=C0S
0s2nxk = dr/dx=i+ 2nc032nx ]—

+(2ncq2nx) +(21tSI nxi f ’+4n§x Ji+4n? » }z
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Find the length of the curve: r=a(1-cosb), 0<6<2x, a>0.

dr _dr de . .
Solution: r=re, = —e_+r—L=asinf e +reg=asind e, +a(l — coso) ey

de do ' do
§= j:n\/(asin 6)” +[a(l-cos6)]*d6 = .[Ozn\/Zaz —2a’ cos0d0 = ajozn,/Z(l— cos0)do

2n

=8a
0

n,_ . 0O 0
=an 25|n§d9=4a(—cosi)
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2. Frenet formula

We have a unit tangent vector T=£, and define

ds
ar _ =kN, k>0 (2.2)
ds
where « is the magnitude of z—T and is called the curvature, and N is a unit vector normal to T
s
and is called i vature, p=£ ,
K

d N, a third unit

e of the above equati

(2.4)

ions (2.2), (2. 3) and (2 4) are called Frenet formulas.

the positi nvectorr of t, te,find k¥ and 1, w n%mntg&tﬁ

S vT+v.ﬁ1 vT + v d.I_vT+1<v N . .
Oljv—+@r aII‘WI'a[V]N+—(K )N + kv (r1§4!ry
=(V—k*V*)T +[kwW + —(KVZ)]N +xviB

|r><r|
2.5
| @

..... (i)
|r><i‘|2

Fxi=kxV’B=«=

Vector Chapter 2 12



Given a space curve r(t)=acosti+asintj+ctk, find (1)curvature (2)torsion (3)unit tangent,
normal, and binormal vectors.
Solution : v = f = —asinti+acostj+ ck =vT = v=+a’+c*,v=0
T_V_ —asint iy acost j+ c
v o Jal+c?  Jal+c® T Wal+c?

a=t=-acosti —asintj=vT +«v’N =«(a® +c*)N, ¥ =

k

asinti

—acostj

(csinti—

}
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[Exercise] The position vector of a particle P is r(t)=ti+t?j + 2t} 3 k. Find (1) the velocity,
acceleration, and speed of P, (2) the tangential and centripetal components of
acceleration, (3) the curvature of the curve C traversed by P, and (4) the minimum
radius of curvature of C.

[Answer] (1) v=i+2tj+2t%k, a=2j +4tk, v=1+2t (2) ai=4t, an=2 (3) k=2/(1+2t%)* (4)
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Pmin=1/2
I1l. Gradient

Definition: For a given scalar function f(x, y, z) the gradient of f is the vector function
of. of. oOf

grad f=Vf=—i+—j+—Kk
ox 0y~ 0z
0 0 0
where V=—Ii+—Jj+—Kk, read del, is a differential operator. Then
ox oy~ oz
df
ds

where | cos6, where 6

df

T, then d——|Vf| the direction of T

is result that Vf is in.the

ivative of f in that dir

ich ar has its maxi is equal to | Vf|.

sider a surface Siin s

ceonanycurve C, f

where r(s) is
and C is

ﬁ)‘zﬂ& =y

B Sk Y O °'”é”?§2ity

Vi=8xi+8yj-2zk

and at P
Vil 0, 2=8i—4k
Vi 4k
| f|(102) /82 +(—4 «/_ «/_
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Find the directional derivative of f(x, y, z) = 4x%y + 3y* + 2xz° at the point (1, —1, 0) in the direction
of the vector b =-3i +4;j.
Solution: V= (8xy +2z%) i + (4x* + 6y) j + 4xz k

Vil 1. 0=—8i — 2j

b 3. 4.
eb=—=——

b

e temperature at any
(1) Find the directi

, and determine the

n of the vector 3i—4

\
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IV. Divergence of a vector field

Definition: Let v(x, y, z) be a differentiable vector function and v =vii + vyj + vsk. Then the
function

divvey- vz, Mo Vs
ox o0y oz

is called the dive

2(X, Y, Z) AXAzZ,

ction contribute respectively

OX z

\F %4 q’ \ ‘&

sxooUthern Taiwan University

If F=xi+y’zj+xz°k, find V- F.
Solution: V- F=1+ 2yz + 3xz?

Find V- r, given r=xi+yj + zk.
Solution: V- r=1+1+1=3
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V. Curl of a vector field
Definition: Let v(x, y, z) =Vv1i + Vo] + v3k be a differentiable vector function. Then the function

curlv=Vxv=

is called the

body, the velocity fi
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V1. Vector identities

V($102) = 1V + 42V
V- (9F)=Vo-F+¢V-F
V x (§F) =V x F+ ¢V xF

V- (VxF)=0
V- (V¢1 X Vd)z
Tensor notations:
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where

Sim 1 i=]
" 10 otherwise
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Prove (AxB)xC=(A-C)B—(B - C)A.
Solution: (A x B) x C = gj(A x B);Ck = sijk gim AiBmCx
= &ki §im AIBmCxk = (S Gim — Sm i) AIBmCx
=ABiCk— AiBCx
B-C)A

“V)F—(F- V)G +(V - G)F -
)= &ik(F x G j=4ij

Prove V
Solution: V x
Since ¢ k=0 j«

Prove (v - V)v_— V[ —vx(VxV). ) )
S@ Ebth@ mJaiwan University
= &ij &Im ViVm | = (&I ém —im éI)Vij |

1
=ViVG Vi =5 (V) - ViV

=%V(v-v)—(v~V)v
=%V|v|2—(v- V)v

S (v V)v= % V|v|2 —vx(VxV)
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[Exercise] Show that V(v - v)=2v - Vv +2v x (V x V).

B4R AS
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