Chapter 3 Vector Integral Calculus
I. Line integrals
1. Definition

A line integral of a vector function F(r) over a curve C is

[ F(r)-dr

In terms of comp
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Ex. 2.
Find the value of the line integral IC fds , when f=x?+x and C is the line y=2x from (0, 0) to

(2, 4).
Solution: We may represent C by r=xi +yj = dr=dxi + dyj

ds=|dr|=+/dx? +dy? =1+ (%)de =1+ 2% dx = /5dx

and
f=x%+ X3y =x2 +x3(2x) =X + 2x*

[Exercise] Evaluate F =5zi + xyj + x°zk

+1j + 2k,
[Solution](L) F = —(i+]+k)dt

F(r)-dr = 01(5t+t2+t3)dt=37/12 » }
¢ .(41} #ﬁ " &‘a .
\ _F():dr= +¥5 \
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2. Conservative fields

A vector field F is said to be conservative if there can be found some scalar ¢ such that

. o o
F=V¢ ie, F, :a—i’, =20 F

v ? . Then ¢ is called a potential function or simply potential
y z

for F, and
F-dr=vo-dr="2ax+ 2y + gz =d¢
oX 0 0z

The line integral from A to B along a curve C is

¢ at the two
a closed curve of

ws a fact that if and IS conservative.

Find the line i

Xi + 2yj + 4zk from point

along C:
Solution:
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I1. Surface integrals

Definition: the flux of F through the surface S to be the surface integral

[J,F-ds or [[ F-nds,

where n is the unit normal vector to S.
From the figure shown, ds | cosy | =dxdy, y is the angle between the normal of ds and z-axis.

pectively,

(U+A U, V+AV)

-,
Ex.4. |
lexj 14 irst ‘ctan valuate
S \ z&

solutnoSLag'P'Jgty n é?fﬁ“mi-mam il\e;{/réoﬁ IS Univer

dxd 3y dxd
JISF-ds=ﬂSF~n|nX.lZI ,U s +3y 1/)(\/)i X

=[] (0 +3y?)dxdy = Iojo (x* +3y*)dydx

L2 34y _ L
=jo[x (1) + (L) Tdx = 2
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Ex. 5.
Calculate the surface integral of the vector function F=xi +yj over the portion of the surface of
the unit sphere S: x? +y*+z%>=1 above the xy-plane, z>0.
Solution: (1)Let f=x*+y?+ 7%, the unit normal vector of S is

Vi 2Xi+2yj+2zk

n= =
IV J(2%)% +(2y)? +(22)?

I Fots= ], Fon 2= T, o0y B a2y

In-k| z J1-(x2+y?)

=Xi+ yj+zk

=rsin@, we have

0si + sinBsingj +cos

)dOdd
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[11. Volume integral

Definition: the volume integral of a function f over the volume V is

Iy,

In Cartesian coordinate system, dv=dxdydz. If f=1, the volume integral is volume of V.

e planes, x=1,

Iz

Find the volume of the
bounded

gton of space above the xy plane and e
, X=0, and the surface.y =

planez=2+x+y,
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IV. Divergence theorem (Gauss theorem)

Divergence theorem: Let V be a closed bounded region in space whose boundary is a piecewise
smooth oriented surface S. Let F be a vector function that is continuous first
partial derivative in some domain containing V. Then

ﬂs F~ds=H y V - Fdv.

xi+2yj+k
JAxZ +4y? +1

Xi+2yj+k

xdy

)~
rsino rdrde

O)do i
SquibSr.TEAY UAvatsiy

:_LJ‘FIH ydzdxdy+ﬂ (1-z-yz)|,_ dxdy

=—j j(l r)rdrde+n_—j (———)o|e+n_E
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[Exercises]
1. Evaluate [ [X%i—(L+2x)j+2K]-ds, S is the lateral surface of the portion of the cylinder x* +

y*=1 for which 0<z<1.
[Solution] (1) Let f=x*+y*—1, then n=xi +yj

J‘J‘S . ld:dlzl_jj[ y(1+2x)]d|yd|Z

_J'J‘ [x3—y(@+2X)] dydz+_[j [x® y(1+2x)]

—[[. F-kdedy - [[ F-(—k)dxdy

dydz

+1)rdrdo —nt =

SOLftHem Tatwan-mversity

_38 jo"’z jo“’z [(64(1— cos? ) — 56(1 — cos? ) sin? 6] (sin ¢dd) d6 — 327

=8[ " (128/3-112/3sin’ 0) d6 - 327 = 64n
2V (7xi—-zk)=7-1=6
. 4
[, (7xi—zk)-ds =[] 6dv= 6 m(2)"] = 64
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V. Stokes theorem

Stokes theorem: Let S be a piecewise smooth oriented surface in space and let the boundary of S
be a piecewise smooth simple closed curve C. Let F be a continuous vector

function that has continuous first partial derivative in a domain in space
containing S. Then

[, (V<P)-ds-{, Foar /T 77777
77

[Note] The an observer,

ea to his left.

the surface integral

z>0.

Solution : (1)

J_l_[ p( —2x -2y —1)dxdy =

- rcosGerinei—glwe
\N'F

Sduth"em“"ﬁawaﬂ%t}n'ive [sity

:f F- dr_J‘2 —sin?0do = I > de——g %

0
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Evaluate fc F.dr, where C is the circle x* +y*=4, z=-3, oriented counterclockwise as seen by a

person standing at the origin, and F =yi +xz%j — zy’k.
Solution:
(1) Let x=2co0s0, y=2sin6
F - dr = (2sin0i — 54c0s0j + 24sin*0K) + (—2sinBi + 2cos0j)do
= (~4sin®0 — 108c0s°0)dO
f_F-dr=["(-4sin 0-108cos’ 6) do =—112n

(2) As surface we can take the plane ci

piecewise
smooth simple the Stokes theorem c

% n=(VxF)- k— - }
and\ | &
F-dr
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Fdx+de
oF, oF, . .
Il W—Wd dy = §_ Fudx+ Fdy

which is the Green’s theorem.
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Evaluate §C [(xy + y?)dx + x2dy], C is a closed curve from (0, 0) to (1, 1) along y =x* and back to

(0, 0) along y=x.
Solution:

@ | :[x X%+ (x?)?]dx + x?(2xdx) + jlo(x X+ X7)dx + X*dx = —2—10 y @D

(2) _US [2x —(x+2y)]dxdy = j:.f;ﬁ(x—Zy)dxdy = —2—10

of the region R, wh

egral J‘ F-dr counter
C

xJ, R is the rectangle:

Southern Taiwan University

Vector Chapter 3 30



